We compute the large N effective action of the O(N + 1)/O(N) nonlinear cr model including the effect of the pion mass to order m~/f Th. is action is more involved than the one corresponding to the chiral limit not only due to the pion propagators but also because the chiral symmetry produces new interactions proportional to m /f We .renormalize the action by including the appropriate infinite set of counterterms and we obtain the renormalization-group equations for the corresponding couplings. Then we study the unitarity properties of the scattering amplitudes. Finally our results are applied to the particular case of the linear o. model and also are used to fit the pion scattering phase shifts. In spite of the fact that the model has an infinite number of parameters to fit and, therefore, it does not have predictive power in a strict sense, a particularly simple choice of the couplings produces a good fit of the J = 0 phase shifts.
I. INTRODUCTION
Recently a lot of efFort has been devoted to the socalled chiral perturbation theory (yPT) [1, 2] . This formalism provides a useful tool for the phenomenological description of the low-energy hadron dynamics, in terms of some parameters that can be Gtted from the experimental data, even if it is possible that some day they will be computed from the underlying theory, which is expected to be quantum chromodynamics (QCD).
As yPT can be applied without a precise formulation of this underlying theory, it also has been used for the parametrization of the unknown symmetry-breaking sector of the standard model [3] , giving rise to a modelindependent description of this sector that can be quite useful for the data analysis of the future CERN Large Hadron Collider (LHC).
However, yPT still has some problems that should be solved in order to be completely useful for practical applications. Usually yPT computations are done to the one-loop level, or what is the same, expanding the amplitudes to the fourth power of momenta or the pion masses (see [4] for an exception to this rule). Thus, the applicability region of yPT is restricted to the very low-energy regime. In fact, yPT does not satisfy exactly the unitarity conditions, but only in the perturbative sense, and this problem becomes very relevant at higher energies [5] .
To avoid this limitation of yPT, several methods have been proposed such as the introduction of new fields corresponding to resonances [6] , the Pade approximants [5] , *Electronic address: dobadocernvm. cern. ch tOn leave of absence from Centro Internacional de Fisica, Colombia. Electronic address: jmoralesOccuam3. sdi. uam. es the inverse amplitude method [5, 7] , etc. More recently the so-called large % expansion of yPT has also been considered (N being the number of Nambu-Goldstone bosons). This approximation is not restricted to the lowenergy domain, and from the unitarity point of view it has a very good behavior. Up to now this approach has been used for the computation of the pion-scattering amplitudes [8, 9] in the chiral limit, and it also has been used in [10] to study the pp~7 r n reaction. Some of the results in [8] were also reobtained in [11] but using different techniques. The work in [10] has been criticized in [12] , but work is in progress in order to make a complete computation of the pp~v r a reaction in the large N limit
The main goal of this work is to extend the work in [8, 9] outside the chiral limit; i.e. , we study the pion effective action and the pion scattering in the large N limit taking into account the eKect of the pion mass. As is well known, this is not trivial at all, since, because of the chiral symmetry, the introduction of the pion mass gives rise to new interactions.
The plan of the paper goes as follows. In Sec. II we introduce the dynamics of the 0 (N + 1)/O(%) nonlinear o model (NLSM), and we compute the effective action up to order 1/N including the leading corrections coming from a nonzero pion mass. In Sec. III we obtain the renormalized elastic pion-scattering amplitude in terms of the renormalized coupling constants. In Sec. IV we study the running of those couplings and the renormalization of the pion mass and the pion decay constant. In Sec. V we discuss the unitarity properties of the amplitudes. Section VI is devoted to the Therefore, the Lagrangian in Eq. (3) will be our starting point to study the pion dynamics in the large N limit.
As usual the action is given by
However, to define the quantum theory, not only do we need to know the action but also the measure in the field space, which defines the path integral representation of the Green's functions. For the case of the NLSM, the appropriate measure includes a factor that is the square root of the determinant of the coact metrics [14] . This fact contributes to the Lagrangian with a term proportional to 8" (0). However, it is well known that using dimensional regularization [15] , where n = 4 -e, the following rule is valid, h (0) = 0 or equivalently j d k = 0, and therefore the ineasure term can be ignored (for a re-NF) whose main properties are the following.
First of all, since there is no kinetic term for the new auxiliary fields, they can be easily integrated out, and. then one finds e' t~d B d exp i d"xdm, B, (7) f(q) = 2(l -Ql -g), ' 
where the ellipsis stands for terms of 1/N2 order as well as terms with more than two B or P fields. Notice that the above effective action is not local, and the integral kernels are defined by
where for short; we have defined dk=p 4 and the loop integrals I and I(k ) are given by
Using dimensional regularization, these integrals are for B = B, P = P, and m' = m. These equations can be used to write B and P in terms of n as ,"( ") ik"sr
and
If we now integrate the B and P fields to the tree level and the pion field to the one-loop level, we can write (27) In the following we will ignore the Tra term, since it does not depend on the pion fields, and therefore its contribution to the pion efFective action is relevant. Moreover, it is not difficult to see that only the term n = 1 contributes to the effective action up to the level of approximation considered here. Then, using the above equations, it is possible to arrive at , ( (29) where It is not difficult to see that the above amplitude corresponds to the diagrams appearing in Fig. 6 , which are those relevant to the leading order in the 1/N expansion and to order m2/F2. However, for practical applications, this regularized amplitude should be renormalized. Moreover, the renormalization procedure is not trivial, since the NLSM is not renormalizable in the standard sense. As was discussed in [8] , the renormalization of the NLSM in the large N limit requires the introduction of an infinite number of counterterms in the renormalized Lagrangian. In the case considered here, things are even more difficult, since, in addition to the derivative interactions that appear in the chiral limit, we also have new interactions proportional to m .
Therefore, we will introduce the renormalized La- [8] for the renormalization of the pion scattering amplitude in the chiral limit. Thus, we write on the derivative four-pion vertex, m' NF2 m' NF2 on the four-pion vertex proportional to m, and (33) where &om Eqs. (16) and (17) The constants gg, hg, and eg are the unrenormalized coupling constants, and they have to be renormalized to absorb the divergencies in the pion scattering amplitude.
Here it is important to notice that, as can be seen in Eq. (28), the regularized action does not have any new contribution to the kinetic term, and therefore there is no need for a pion wave-function renormalization. Now we can use the above replacements to recompute the diagrams in Fig. 6 [11] for one interesting example). However, for the sake of symplicity, we will only consider here the above-mentioned minimal terms. In the chiral limit this corresponds to the s-channel models of [11] .
As we have already mentioned, there is no wavefunction renormalization in the leading order of the 1/N expansion, and thus we conclude that the A(s) amplitude is a physical observable in the sense of the renormalization-group evolution. In other words, the explicit dependence of A(s) on the renormalization scale p must be exactly canceled by the implicit dependence through the generating functions. This can be precisely stated with the evolution equation dG (s;p) 1 As is well known, the requirement of unitarity constrains the possible behavior of these partial waves. In particular, they should have a cut along the positive real axis &om the threshold to in6nity. The physical amplitudes are the values right on the cut, and, in addition, the condition of elastic unitarity:
(where 0 = gl -4m /E ) has to be satisfied in the physical region 8 = E +is and E )4m2, where E is the center-of-mass energy. This equation is exact for energies below the next four-pion threshold, but even beyond that point it is approximately valid. In the following we will study how well the pionscattering amplitude satis6es this relation in the large N limit. From Eq. (63) it is obvious that the most imIn order to study the unitarity properties of the amplitudes obtained in the preceding section, we will perform the standard partial wave expansion. First, we project on the isospin channels, which for the model here considered are defined as [11] Tp -NA(s) + A(t) + A(u), Ti --A(t) -A(u), Tz This model has been considered in great detail in the last reference of [18] in the large N limit. Here we work it to the lowest order in m /F just to see how it can be obtained as a particular case of the more general nonlinear model studied before and as a check of our results. In terms of the field H, the Lagrangian can be written as 8 = -B"~0 "vr + 20"HB"H+AN E +m NE
Notice that there is a linear term in the H field. In order to eliminate it, we introduce a shifted h field, H = Ho+A 
The piece of the Lagrangian proportional to h can be written in terms of this pion mass. Then, the condition for this piece to vanish becomes Ho --VNE2 + QN-F2 g m2/4A )0, so that the Lagrangian has the final form
Now we are able to obtain the corresponding Feynman rules. The elastic scattering amplitude can be computed in many difFerent ways in the large N limit. Probably the easiest is the following: First, one computes the diagrams in Fig. 7(a) , then one iterates the result as shown in Fig. 7(b) , and, finally, one expands in powers of m2/F2, while keeping both the zeroth and the first order. The
where
PION MASS EFFECTS IN THE LARGE N LIMIT OF CHIRAI-.~~2887
The possibility of writing the LSM amplitude as a particular case of the NLSM (in the large I)I limit in both cases) was expected &om our previous discussion, but, as far as each computation has been done in a completely dift'erent and independent way, it turns out to be a highly nontrivial check of our results. Now 
In the chiral limit, this amplitude reduces to that bound in [18] . The I = J = 0 partial wave amplitude has a pole in the second Riemann sheet that corresponds to a physical scalar resonance. This resonance has the interesting saturation property, which means that its mass remains bounded when M~goes to infinity (see also [19] for a general discussion). This fact is probably related with the expected triviality of the LSM. In any case, the LSM provides a very nice example of how the general formalism developed for the computation of the yPT large N limit works outside the chiral limit.
VII. FITTING THE PION SCATTERING
Apart from the LSM, the most interesting case to which to apply our results is the pion scattering. How ) . The model thus obtained only has one parameter (the p, scale), and it can be considered in some sense the nonlinear cr model renormalized at the leading order of the 1/N expansion out of the chiral limit. In fact, this minimal model can be obtained from the LSM just by taking the limit M& going to in6nity.
In the following we will show how it is possible to Gt the pion-scattering data with this minimal model. In any case it is important to note that our approach here is different &om the more usual one consisting in the use of the LSM giving to the 0' degree of freedom the interpretation of a real 6nite-mass resonance in the I = J = 0 channel.
In Fig. 8 we show the result of our 6t of the I = J = 0 phase shift for elastic pion scattering using the abovede6ned minimal model. The only parameter in this especially simple case is the scale p. The 6t in Fig. 8 from the large N limit out of the chiral limit are drawn with a dashed line both for the (0,0) and the (2,0) channels. The continuous lines were taken from [7] , and they are the (0,0) and (2,0) phase shifts as obtained from the standard one-loop yPT with the parameters given in [20] . The experimental data corresponds to [21] A, [22] Q, [23] CI, [24] Q, [25] '7, [26] *, [27] corresponds to our fit using the large N limit. The continuous line [7] is the result coming from the one-loop XPT with the parameters proposed in [20] . The experimental data comes from [25] Q and [29] D.
formally valid at any energy, independent of how good the resulting fits are.
For the sake of comparison we have also included in
Figs. 8 and 9 the results obtained with standard yPT to one loop with the parameters proposed in [20] . It is important to note that, in spite of using more couplings, it does not do a better job than the approach followed here. The description of the I = J = 0 channel is good in both cases; I = 2, J = 0 is much better in the large N limit and the I = J = 1 is good at low energies (where the channel is not interacting) but it fails to describe the resonance region too.
VIII. CONCLUSIONS
In this work we have studied how the large N approximation (N being the number of Goldstone bosons) can be applied to yPT in order to improve its unitarity behavior and enlarge its energy applicability region. In particular, we have computed the renormalized effective action at the leading order, including the efFects due to the pion mass up to order m2/fz The a.mplitude obtained &om this action has the appropriate low-energy limit and provides the right dependence of the pion mass and the pion decay constant on the chiral logs. Then we use this action to reproduce the LSM as a nontrivial check of our results. However, our model depends on an infinite number of renormalized couplings, and, in a strict sense, any phenomenological prediction requires the previous fit of these couplings, so that, in principle, the model does not have any predictive power.
Nevertheless, it is possible to consider a reduced version of the model, where an infinite number of couplings is set to zero at some given scale. Then we use this reduced model to fit the vr-m scattering. This approach is competitive with the standard one-loop one, both failing in the description of the p resonance. Note that we able to fit the (0,0) and the (2,0) channel up to 700 MeV with only one parameter, while the standard one-loop computation reproduces only the (0,0) channel at this energy by using two parameters (lz and lz in the well-known notation of [1, 2] ).
In addition, our computations could improve a lot when next-to-leading (1/N2) corrections were included. This is because of the fact that the structure of the large N amplitudes makes it possible to find poles in the second Riemann sheet that could reproduce resonances as happens in the large N description of the LSM. At present, work is also in progress in that direction [13] .
In 
